We present a new characterization of dihedral Galois groups of rational irreducible polynomials. It allows us to reduce the problem of deciding whether the Galois group of an even degree polynomial is dihedral, and its computation in the affirmative case, to the case of a quartic or odd degree polynomial, for which algorithms already exist. The characterization and algorithm are extended to permutation groups of order 2n containing an n-cycle.
Introduction
Given an irreducible polynomial f ∈ ‫[ޑ‬x], we consider the problem of deciding whether its Galois group is dihedral, and, if so, we compute a minimal set of generators with its explicit action on the set of roots.
Methods are already known for polynomials of prime degree [Jensen and Yui 1982] and of odd degree [Williamson 1990 ]. Here we consider the case of even degree polynomials. For it, we provide a characterization of dihedral Galois groups, based on the behavior of f related to a quadratic subfield K of its splitting field and a certain prime number. The quadratic subfield must be determined in order to decide whether the Galois group is dihedral. In the affirmative case, the roots of f will be expressed as polynomials in a fixed root α and a primitive element of K over ‫.ޑ‬ For computing K , we propose to transform f , after certain reductions, into either a quartic or an odd degree polynomial whose splitting field contains K . Such reductions are made from the nontrivial central elements of the Galois group.
In Section 2 we state the characterization of dihedral Galois groups, whereas Section 3 is devoted to the algorithm that decides whether the group is dihedral. Finally, in Section 4, we extend the results to groups of order 2n containing a cyclic subgroup of order n, taking advantage of their similarity to dihedral groups.
Since for every irreducible f ∈ ‫[ޑ‬x] there exists a monic and irreducible polynomial in ‫[ޚ‬x] with the same Galois group, we will assume throughout this paper that f is monic and irreducible with integer coefficients.
From now on, we will denote by Gal f the Galois group of f over ‫,ޑ‬ whereas Gal K f will represent the Galois group over a number field K .
If n is the degree of f , we will consider Gal f as a permutation group of degree n acting on the set of roots of f . By E f we will denote the splitting field of f over ‫.ޑ‬ If L is a subfield of E f and H is a subgroup of Gal f , then L H is the subfield of elements in L fixed by H . We denote by O L the ring of integers of L and by Z (H ) the center of H .
Characterization of dihedral Galois groups
The dihedral group D n , considered as a transitive subgroup of S n , is generated by σ, τ , where σ is an n-cycle, τ has order 2 and τ σ τ = σ −1 .
Propositions 2.1 and 2.2 provide a characterization of dihedral Galois groups.
Proposition 2.1. Let f ∈ ‫[ޚ‬x] be a monic irreducible polynomial of degree n > 2 satisfying the following conditions:
(ii) f mod p is irreducible for some odd prime p ∈ ‫,ޚ‬ and x 2 − a mod p splits:
where A = (b − c) −1 mod p, and f F(α) = 0 for some root α of f.
Proof. By condition (i) and the Fundamental Theorem of Galois Theory, Gal K f is a normal subgroup of Gal f of index 2. Since f mod p is irreducible, a Frobenius automorphism σ in Gal f over p is an n-cycle. Let Q be a prime ideal in O E f lying over p such that
As x 2 −a mod p splits, σ fixes K pointwise, so σ is in Gal K f . Therefore, Gal K f is transitive of degree n, and f is irreducible over K .
Also by condition (ii), ( p, √ a + b) and ( p, √ a + c) are the prime ideals in O K lying over p. We assume without loss of generality that Q lies over ( p, √ a + c).
As σ is an n-cycle, the equality holds for every root of f , so σ ∈ Z (Gal K f ); see [Fernández-Ferreirós and Gómez-Molleda 2004] . Thus, Gal K f = σ . Moreover, the order of Gal f is 2n. If τ is a representative of the nontrivial class of Gal K f in Gal f , then Q and Q = τ Q are the prime ideals in O E f over p. Then
Again by condition (iii), F(α) ≡ α p n−1 mod Q . Reasoning as above we have
Finally, since σ is an n-cycle, τ is easily seen to have order 2.
We state the converse of Proposition 2.1, strengthening the conditions:
(i) There exists a unique quadratic subfield K of E f such that f is irreducible over K and Gal K f is cyclic. In fact, K = E σ f for every n-cycle σ ∈ D n . (ii) The proportion of integer primes p such that f is irreducible modulo p is φ(n)/2n, where φ is the Euler function. If a is a squarefree integer such that K = ‫(ޑ‬ √ a ), then for every odd prime p under this condition, x 2 − a splits modulo p, that is,
(iii) There exists a unique polynomial F ∈ K [x] of degree smaller than n such that F(α) is a root of f for every root α of f , and
where A = (b − c) −1 mod p.
Proof. Let σ, τ be generators of D n as a transitive subgroup of S n , where σ is an n-cycle, τ has order 2 and τ σ τ = σ −1 .
(i) σ is the unique normal subgroup of index 2 in D n that is cyclic and transitive in S n . The statement follows from the Fundamental Theorem of Galois Theory.
(ii) By the Chebotarev Density Theorem, the proportion of primes p such that f mod p is irreducible is the proportion of n-cycles in the Galois group. The number of n-cycles in D n is exactly φ(n).
Since f is irreducible modulo p, the Frobenius automorphisms over p are n-cycles. Then they fix K pointwise, so x 2 − a splits modulo p whenever p does not divide 4a, the discriminant of x 2 − a. If p is odd and p divides 4a, then p divides a, so it divides the discriminant of O K , and therefore p is ramified in O K . This is a contradiction since p is unramified in O E f .
(iii) As stated above, the Frobenius automorphisms of E f over p belong to σ . We can assume without loss of generality that σ is the Frobenius automorphism over the prime ideal ( p,
since the norm of ( p, √ a +b) is p. Its conjugate, σ n−1 , satisfies the corresponding property for the other prime Q over p:
By the Chinese Remainder Theorem and because pO E f = Q Q ,
On the other hand, since Gal K f is cyclic and f is irreducible over K , the splitting field of f over
Since Gal K f is transitive and abelian, the equality holds for every root of f . IfF also satisfies the same conditions as F, then F(α)−F(α) ∈ pO E f for every root α of f . If F(α) =F(α), then disc f ∈ p‫,ޚ‬ which is impossible because f has no multiple root modulo p. Since the degrees of both polynomials are smaller than n, they must be equal.
An algorithm to decide whether the Galois group is dihedral
We will describe an algorithm, based on the preceding characterization, to decide whether the Galois group of a given monic irreducible polynomial f ∈ ‫[ޚ‬x] of even degree n > 2 is dihedral, and to determine explicitly the group in the affirmative case.
Essentially, the algorithm consists in checking whether or not the polynomial satisfies conditions (i)-(iii) in Proposition 2.1. In order to discuss condition (i), we will first determine the center of the Galois group.
The center of the dihedral Galois group. If n is even, the center of D n has order 2. For determining the center, we use any odd prime p ∈ ‫ޚ‬ such that f mod p is irreducible; the proportion of such primes in the dihedral case, according to Proposition 2.2, is φ(n)/2n. Proposition 3.1. Let p be a prime such that f mod p is irreducible and σ p ∈ Gal f is a Frobenius automorphism over p. Then
Moreover, σ k p is central if and only if there exists H ∈ ‫[ޑ‬x] such that
and, given any root α of f , H (α) is a root of f . When σ k p is central, the polynomial H describes the action of σ k p :
Proof. This follows from the characterizations of Z (Gal f ) given in [Fernández-Ferreirós and Gómez-Molleda 2004] .
Lifting x p k up to a certain power of p, f (x) and checking if the polynomial obtained permutes the roots of f , we determine the centrality of σ k p .
Construction of the quadratic subfield. We now show a procedure to either provide a quadratic subfield K of E f such that f is irreducible over K , or to conclude that the Galois group is not dihedral. When the group is dihedral, K is precisely the unique subfield in condition (i) of Proposition 2.2. In [Williamson 1990 ], assuming that n is odd, it is proved that if the irreducible factors of the resolvent R(x 1 − x 2 , f ) are even polynomials of degree dividing 2n, d is the independent coefficient of any of them and −d is not a square in ‫,ޑ‬ then
is a quadratic subfield of E f , otherwise the Galois group is not dihedral. The method of C. J. Williamson is not applicable to even degree polynomials. Next we solve the case of quartic polynomials, and give a procedure for reducing the problem of even degree to either quartic or odd degree polynomials. (1) Gal f equals D 4 if and only if the center of Gal f has order 2.
is a quadratic subfield with f irreducible over K .
The proof is straightforward. Once it is known that Gal f = D 4 , one can quickly determine a primitive element of E f , since E f is generated by two roots of f , and the number of subfields is only 8. If σ = (1, 2, 3, 4) and γ is a primitive element of E f , not every elementary symmetric function of γ , σ (γ ), σ 2 (γ ), σ 3 (γ ) is rational. Any of them not belonging to ‫ޑ‬ is a primitive element of K .
If n > 4 is even, we will reduce successively the problem to polynomials of smaller degree, which we call derived polynomials:
be a monic irreducible polynomial of degree n, and let α be a root of f . If there exists a nontrivial element τ ∈ Z (Gal f ), let β be an algebraic integer and primitive element of ‫(ޑ‬α) τ over ‫,ޑ‬ and let g ∈ ‫[ޚ‬x] be its minimal polynomial. We call g a derived polynomial from f by τ .
The degree of g is n/r , where r is the order of τ . A proof can be found in [Fernández-Ferreirós and Gómez-Molleda 2004] along with a simple procedure to construct derived polynomials.
The following proposition provides a method to compute a quadratic subfield K of E f for a given polynomial f , or to conclude that Gal f is not dihedral:
be a monic irreducible polynomial of even degree n > 4 such that Gal f = D n . If g is a derived polynomial from f by the central element of order 2, then Gal g = D n/2 and E σ f = E σ g , where σ and σ are an n-cycle and an n/2-cycle in Gal f and Gal g, respectively.
Proof. Let D n = σ, τ with O(σ ) = n, O(τ ) = 2 and τ σ τ = σ −1 . The only nontrivial central element in D n is ρ = σ n/2 , whose order is 2.
Gal g = D n /S = σ , τ , where S = ρ 1 , . . . , ρ n/2 ∩ D n , and ρ 1 , . . . , ρ n/2 are the disjoint transpositions of ρ and σ , τ the classes of σ and τ , respectively. Since σ n/2 ∈ S and there is no other power of σ of order 2, whereas every element of S has order 2, we get O(σ ) = n/2.
We know that g is irreducible of degree n/2, so | Gal g| ≥ n/2. Thus, |S| = 2 or 4. If |S| = 4, then Gal g = σ and τ σ τ = σ . But τ σ τ = σ −1 , and σ S = σ −1 S (otherwise n = 4). Therefore Gal g = D n/2 .
As E g ⊂ E f , σ = σ ρ and ρ fixes E g pointwise, we conclude that
f . Both fields are quadratic over ‫,ޑ‬ so they must coincide.
As a consequence of Proposition 3.4, if the Galois group of the given polynomial is dihedral, the unique quadratic subfield in condition (i) of Proposition 2.2 is that of any derived polynomial.
In general, if we get a derived polynomial of odd degree or degree 4 whose Galois group is dihedral, its quadratic subfield K is also contained in E f , and we have condition (i) in Proposition 2.1. Moreover, f is irreducible over K .
End of the algorithm. Let p ∈ ‫ޚ‬ be an odd prime such that f mod p is irreducible (we have already obtained it for computing the center). If the Galois group is dihedral, then x 2 − a mod p splits by condition (ii) in Proposition 2.2: x 2 − a ≡ (x +b)(x +c) mod p. To check condition (iii) in Proposition 2.1, we use quadratic Newton lifting, which allows the computation of F mod p 2 k up to any k.
Notice that
Thus it is simpler to work in ‫ [ޑ‬x] , and the Newton lifting in ‫(ޑ‬ √ a ) [x] for the given polynomial is not much harder than in ‫ [ޑ‬x] .
Bounds are known on the coefficients of F 1 , F 2 (a straightforward generalization of the results in [Dixon 1990] ). Thus, if the polynomial F in the required conditions exists, it is easily determined from F mod p 2 k with k large enough. Since the degree of g is congruent to 3 mod 4, its discriminant is not a perfect square, otherwise the Galois group is not dihedral. Precisely,
is a quadratic subfield of the splitting field of g, and therefore a quadratic subfield of E f . Moreover, x 2 + 15 ≡ (x + 2)(x + 17) mod 19. It remains to check whether there exists a polynomial satisfying the third condition in Proposition 2.1. By means of Newton lifting we obtain Therefore E f = ‫(ޑ‬α, √ −15 ), where α is any root of f and Gal f is dihedral, generated by σ and τ such that
Example 3.6. Let f (x) = x 12 + 10 x 6 + 5, which is irreducible modulo 7. A derived polynomial from f by the order 2 central element is
The polynomial g 1 is also irreducible modulo 7, and
However, the third condition in Proposition 2.1 is not satisfied (the polynomial we obtain by Newton lifting does not permute the roots of f ). Thus, by Propositions 2.2 and 3.4, Gal f is not dihedral.
Note. We could have stopped earlier, since Z (Gal f ) has order 4. Nonetheless, it is interesting to see that f "almost" satisfies every condition in Proposition 2.1:
permutes the roots of f , and
It follows from Proposition 4.1 below that Gal f has order 24 and is generated by two elements σ, τ , where σ is an n-cycle and τ σ τ −1 = σ 5 . Moreover, E f = ‫(ޑ‬α, √ −3 ), where α is any root of f , and
Groups of order 2n that contain a cyclic subgroup of order n
The characterization of dihedral Galois groups can be generalized to transitive subgroups of S n , of order 2n, containing an n-cycle. Let G be one of these groups and σ ∈ G an n-cycle. Then there exists an integer m such that τ −1 σ τ = σ m for every τ ∈ G − σ . Since there is no transitive abelian subgroup of S n having order larger than n, we have m ≡ 1 modulo n.
The group G is determined by n and m mod n up to isomorphism, so we write G = G(n, m). It is simple to prove that (m, n) = 1 and m 2 ≡ 1 mod n.
See [Hwang et al. 2003 ] for a detailed and more general classification of these groups, where they are not assumed to be subgroups of S n .
Proposition 4.1. Let f ∈ ‫[ޚ‬x] be a monic irreducible polynomial of degree n > 2 satisfying the following conditions:
(i) E f has a quadratic subfield K = ‫(ޑ‬ √ a ) for some a ∈ ‫ޚ‬ squarefree.
(ii) f mod p is irreducible for some odd prime p ∈ ‫,ޚ‬ and x 2 − a splits:
where A = (b − c) −1 mod p, and f F(α) = 0 for some root α of f .
Then Gal f = G(n, m).
Proof. The proof is essentially the same as for Proposition 2.1.
The converse cannot be strengthened as far as for dihedral groups, since the case 8 | n and m = (n/2) + 1 is peculiar:
If 8 n or m = (n/2) + 1, then:
(i) There exists a unique quadratic subfield K of E f such that f is irreducible over K , and Gal K f is cyclic. In fact, K = E σ f for every n-cycle σ ∈ G(n, m). (ii) The proportion of integer primes p such that f is irreducible modulo p is φ(n)/2n. If a is a squarefree integer such that K = ‫(ޑ‬ √ a ), then for every odd prime p under this condition, x 2 − a splits modulo p, that is, x 2 − a ≡ (x + b)(x + c) mod p for some b, c ∈ ‫ޚ‬ distinct modulo p.
If 8 | n and m = (n/2) + 1, there exists more than one cyclic subgroup of order n in G(n, m). Therefore the quadratic subfield satisfying conditions (i)-(iii) is not unique. In such a case φ(n)/2n is the proportion of primes p such that f mod p is irreducible, and x 2 − a splits modulo p for a given quadratic subfield ‫(ޑ‬ √ a ). For such primes, condition (iii) holds.
Proof. It can be proved that a cyclic subgroup of G(n, m) of order n is generated by an n-cycle. Therefore, it is enough to prove that there exist n-cycles σ, τ ∈ G(n, m) such that σ = τ if and only if 8 | n and m = (n/2) + 1. The rest is essentially the same as for Proposition 2.2.
Let τ ∈ σ .
If τ is an n-cycle and n is odd, then τ = τ 2 = σ . Assume then that n is even, σ = (0, 1, . . . , n − 1) and τ (0) = a ∈ {0, 1, . . . , n − 1}. Since τ σ τ −1 = σ m , we have τ (i) = a + im mod n for every i ∈ {0, . . . , n − 1}. For 1 ≤ k ≤ n,
If m < (n/2) + 1, take k = 2(m − 1) < n. Since m 2 ≡ 1 mod n, we have τ k (0) = 0, and then τ is not an n-cycle. When m > (n/2) + 1 the same reasoning works for k = 2(n − m + 1). Suppose then that m = (n/2) + 1 (which implies n ≡ 0 mod 4) and n ≡ 0 mod 8, then m + 1 ≡ 0 mod 4. Taking k = n/2 we have τ k (0) = 0, and again τ is not an n-cycle.
When 8 | n and m = (n/2)+1, we may take a = 1, and then τ 2 = σ a(m+1) = σ m+1 . Since 8 | n, we have gcd(m + 1, n) = 2. Thus σ m+1 has order n/2. Since n/2 is even and τ 2 has order n/2, we conclude that τ has order n.
The problem again is how to determine the quadratic subfield. When 4 n or m = (n/2) + 1, we can determine, as in the dihedral case, an irreducible polynomial g of degree smaller than n whose Galois group is the quotient by the center. The quadratic subfield of E f is that of E g .
When 4 | n and m = (n/2) + 1, such a polynomial does not exist. This is a consequence of the following lemma, which provides an important relation between the center and G n, (n/2) + 1 : Lemma 4.3. Let G = G(n, m) and let σ be any n-cycle in G. (ii) Z (G) is trivial if and only if n is odd and G is dihedral.
Proof. (i) It can be easily proved that Z (G) is a subgroup of σ for every n-cycle σ ∈ G. Now σ i ∈ Z (G) if and only if σ i = τ −1 σ i τ = (σ i ) m for any τ ∈ σ , if and only if i ≡ im mod n.
(ii) Since m 2 ≡ 1 mod n, we have σ m+1 ∈ Z (G). If Z (G) is trivial, then σ m+1 is the identity and therefore m ≡ −1 mod n, so G is dihedral of odd degree. The converse is well-known.
(iii) The quotient G/Z (G) is abelian if and only if, for any τ ∈ σ , τ −1 σ τ Z (G) = σ Z (G). This is equivalent to σ m−1 ∈ Z (G), or yet to σ 2 ∈ Z (G), because the proof of (ii) showed that σ m+1 ∈ Z (G) . Further, σ 2 ∈ Z (G) ⇐ ⇒ 2(m − 1) = 0 mod n (from the proof of (i)). Since 1 < m < n, this last condition is the same as m = (n/2) + 1. This implies that n is even, so m is odd, which implies n/2 is even, so 4 | n.
Proposition 4.4. Let f ∈ ‫[ޚ‬x] be a monic irreducible polynomial of degree n > 2 such that Gal f = G(n, m) and Z (Gal f ) is not trivial. Let g be a derived polynomial from f by Z (Gal f ). Then
, where σ is an n-cycle in Gal f and σ its class in the quotient.
Proof. Assume that Z (Gal f ) < n/2. Then Gal g = (Gal f )/S, where
and therefore σ k ∈ σ i = Z (Gal f ). If S = Z (Gal f ), then τ ∈ S for some τ ∈ σ . Since τ −1 σ τ = σ m and S is normal in Gal f , then σ m−1 ∈ S. Thus σ m−1 ∈ Z (Gal f ). We refer to the proof of Lemma 4.3 to conclude that σ 2 ∈ Z (Gal f ), a contradiction. Therefore S = Z (Gal f ).
Assume that Gal
For the rest we refer to the proof of Proposition 3.4.
Let f ∈ ‫[ޚ‬x] be a monic irreducible polynomial of degree n > 2. In order to determine whether its Galois group is G(n, m) for some m, we propose to construct a chain of derived polynomials up to a polynomial g whose Galois group has a trivial center or Z (Gal g) = 1 2 deg g. G(n, m) or, by Lemma 4.3, the degree of g is odd and Gal g is dihedral. In this case, its unique quadratic subfield K is computable [Williamson 1990 ] and, by Proposition 4.4, K is a quadratic subfield of E f .
If Z (Gal g) = 1 2 deg g, we assume that 4 | deg g, otherwise Gal f is not G(n, m) by Lemma 4.3(c). Let ρ ∈ Z (Gal g) be the order 2 element, and compute h a derived polynomial from g by ρ. Since Gal h is cyclic, all the roots of h are expressible as polynomials in a fixed root γ . Now, γ ∈ ‫(ޑ‬β) for some root β of g. Since | Gal g| > deg g, there must exist another root β i of g such that
is irreducible over ‫(ޑ‬β), so ‫(ޑ‬β, β i ) has degree 2 deg g over ‫.ޑ‬
We considerg the minimal polynomial of a primitive element of ‫(ޑ‬β, β i ) over ‫,ޑ‬ which is easily constructible from the p-adic expressions of β and β i , where p is a prime such that g mod p has at least one linear factor, but does not split completely. Notice thatg and g have the same splitting field over ‫.ޑ‬ Then compute a derived polynomialh fromg by the whole center. It has degree 4 with Galois group Gal g/Z (Gal g), which is known to be abelian
In these conditions, it is not difficult to prove that Galh = C 2 × C 2 . Now let p be a prime such that f is irreducible mod p. Let σ p ∈ Galh be the Frobenius automorphism over p, which is the class of a certain n-cycle σ in Gal f . The derived polynomial fromh by σ p has degree 2. Its splitting field is E σ p h = E σ f , the quadratic subfield we are looking for. It is important to choose p such that f mod p is irreducible, in order to avoid problems with the nonuniqueness of the required quadratic subfields. We have checked that Z (Gal f ) has order 10, so m must be 11.
Since there is a central element of order 5 prime to 2, we can compute a derived polynomial of degree 4 whose Galois group is of the same type and such that its quadratic subfield is that of f . Such a polynomial is Constructing a derived polynomial by the center we obtain a quartic polynomial and then a quadratic one whose splitting field is precisely the quadratic subfield sought, ‫(ޑ‬i ). The polynomial 
